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properties of PDMS in the temperature range 223-323 K.”
As shown in ref 11, this is barely into the temperature
interval where any deviation from a simple Arrhenius
behavior is detected and surely cannot be used to estimate
To. More recent attempts'® to determine T, from viscos-
ities produced even more outrageous results (7, = 67 K).
The very rapid change in relaxation frequency with tem-
perature near 150 K demands that T, be well above 81 K.

The empirical parameters in eq 10 can also be inter-
preted in terms of the free volume of the liquid according
to the WLF? equation. PDMS was thought to have an
unusually high fractional free volume at the glass transi-
tion.’? The WLF parameters calculated from our results
are ¢,¢ = 14.6 and ¢,# = 20 K. This leads to a calculated
fractional free volume at the glass transition of f,/B =
0.030. This is higher than some polymers, but well within
the normal range. '

The value of T, listed in ref 12 is 150 K. It now appears
that this value was obtained with semicrystalline PDMS,
The value reported by Yim and St. Pierre! was obtained
with shock-quenched amorphous PDMS. The difference
can be rationalized by the results of Adachi et al.? obtained
by dielectric relaxation on both amorphous and crystalline
PDMS. The dielectric loss maximum shifts by approxi-
mately 2 orders of magnitude when the sample crystallizes.
This corresponds to approximately 4 K in the region of
T,. The elevation of the glass transition temperature of
the amorphous part in a semicrystalline polymer is a

common phenomenon, but for PDMS little notice of this
effect has been made. When the truly amorphous T, is
used for PDMS (146 K), the calculated freqency of max-
imum dielectric loss at the glass transition is approximately
0.02 Hz, which is quite reasonable.
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ABSTRACT: A theory is presented to describe the viscoelastic properties of star-shaped polymers. Dis-
entanglement processes are considered to be dominated by diffusion of the ends of the arms in a (free energy)
potential field. The existence of the potential function is supported by recent work of Helfand and Pearson
on random walks entangled with a fixed obstacle net. When compared with new and existing experimental
data on well-characterized polymeric stars, the theory predicts the correct molecular weight dependence of
the viscosity and the steady-state shear compliance, as well as the frequency dependence of the dynamic moduli,
G(w) and G"(w). Useful variables for plotting time- or frequency-dependent relaxation data of star polymers

are suggested by the theory and are considered.

During the past few years important advances have been
made in understanding the rheological properties of high
molecular weight polymers. Using concepts originally
suggested by Edwards! and de Gennes,? Doi and Edwards®
developed a theory that describes the response of poly-
meric fluids when subjected to an external strain. Al-
though improvements are still needed,*? their theory has
been remarkably successful in describing complex viscoe-
lastic behavior.®’

The theory, as originally presented, applies to concen-
trated solutions of linear molecules. For this case it is
assumed that polymer chains are hemmed in by their
neighbors and that they move by translating in a curvi-

tThis paper is dedicated to Professor Walter H. Stockmayer on
the occasion of his 70th birthday. We appreciate both the knowledge
and the wisdom he has shared with us.

linear fashion roughly paralleling their own contour. The
time dependence of their escape from present surroundings
to new surroundings can be obtained from a solution to
the first-passage time problem? for a diffusing chain.? If
the polymer molecule is branched, it is expected that this
simple snake-like motion will be highly suppressed. The
resulting change in the mechanism of diffusion will alter
the rate of stress relaxation and, in general, all rheological
properties.

The simplest type of branched polymer is the star-
shaped molecule for which f chains are connected to a
central point. Using small-strain deformation measure-
ments, the time-dependent response of this type of poly-
mer has been found to be quite different from linear
polymer.>1! Approximate theories for describing the ob-
served behavior were proposed by de Gennes,'? Doi and
Kuzuu,!? and Graessley.”

0024-9297,/84/2217-0888801.560/0 © 1984 American Chemical Society
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Figure 1. An arm of a star in two separate positions of escape.
The probability of retracting a distance x along the tube is pro-
portional to exp[-U(x)/kgT1.

In the first part of this paper we solve a modified
first-passage time problem relevant to-star molecules and
use the answer to obtain various linear viscoelastic prop-
erties. Our model, although related to that of Doi and
Kuzuu,!? leads to results which are somewhat different
from those obtained by them. In the second part we
compare our theory with data in the literature on star
polymers and with new data obtained on well-characterized
polyisoprene star molecules. The agreement with exper-
iment is gratifying. We conclude with a few remarks about
other applications and possible extensions of our work.

I. Theory

In concentrated solutions or melts a polymer molecule
is surrounded by other molecules which can be thought
of as creating a constraining tube around it. A chain loses
memory of its present configuration by diffusing out of this
tube into a new one. For a linear polymer molecule this
escape takes place by a translational diffusion process®4
along the tube, termed reptation. This type of motion will
be prevented for star molecules because each arm is es-
sentially fixed at one end by the branch point. However,
stars can renew their configuration if the arms retract along
their tube axes pushing out unentangled loops into the
surrounding matrix.!? The decrease in entropy involved
in adopting such unlikely configurations (see Figure 1) can
be thought of as creating a potential (actually a free en-
ergy), U, in which the end of the arm is diffusing. The
lifetime of the tube is then related to the first-passage time
problem for a particle moving in a potential well.?

In Figure 1 we show a diagram illustrating the model
we are considering. Each arm of the star is made up of
N segments, and each segment contains N, monomers. N,
can be thought of as the number of monomers between
entanglements and can be determined from measurements
on linear polymers. There are N, = NN, monomers per
arm. Following Doi and Kuzuu!® we assume the equilib-
rium contour length of an arm is

N,
eq = N_e
The length of a segment, a, is related to N, and the Kuhn
monomer length b by a = vbN,!/?, where v is a constant

somewhat less than one. The potential function is taken
to be!® quadratic, i.e.

Uls) = akgT 1- =2 T ekl (1.2)
§) = GRp Leq _Leqzx .

(Doi!* has used a similar potential to discuss tube length

L a (L1)
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fluctuations, and the resulting extra tube relaxation.) The
distance s is measured along the contour of the tube from
the branch point. It is more convenient to use the distance
x = Ly — s, such that when the end of the arm is at x =
L, it has completely escaped from the tube. The quantity

a=v(N,/N,) =vVN (1.3)

of eq 1.2 is the fundamental dimensionless parameter of
the problem. For the most part it will be considered to
be large; i.e., the arms will be regarded as being long.
Estimation of the constant »* will be discussed in section
ITI. Some indication of the value of » and the validity of
eq .2 as an approximation for U can be obtained from our
previous work,'® in which we studied random lattice walks
entangled with fixed obstacles. In this case the constants
v and ¥ can be related to the coordination number of the
lattice.'® Previously®! it had been assumed that « could
be related to the usual elastic constant for stretching a free
chain (obtained from the probability of a Gaussian random
walk having a given end-to-end distance). However, a
should be related to the statistics of the tube length of
walks which do not entangle with the other chains.!®

A function which characterizes the statistics of escape
from the tube is the probability density p(x,t|xq;y) that the
end of the chain is at position x at time ¢, given that it was
originally at x, at time 0 and that at no time between 0
and ¢t did it move further toward the star junction than
y. This probability density is the same as that of a dif-
fusing particle in the potential U with an absorbing barrier
at y. It can be obtained as a solution to the Smoluchowski
equation!’

o _mTof 2
at ¢ o L,?

d
+ — .
1P (1.4)

with boundary conditions

p,tlxgsy) = 0
pl==tlxgy) =0 (1.5)
and initial condition
p(x,0lxg5y) = d(x — xo) (1.6)

7 is the friction coefficient of the chain for this mode of
contraction of the end toward the branch junction. It may
be expected that { is proportional to N,.

As is discussed more fully in Appendix A, the solution
of the Smoluchowski equation can be written in terms of
the spectrum of eigenvalues and eigenfunctions of an op-
erator L

Lo @2 d
—g a;‘ﬁn - .d_xx\bn - >\n¢n (17)

and the adjoint equation L*y,* = A ¢,,". The eigenfunc-
tions are to vanish at x = ¥ and be well behaved at —.
They are related to parabolic cylinder functions (cf. Ap-
pendix A). The probability density, p, is given by

® 2akBT>\nt
P(x,t|xo;y) = Z¢n(x)¢n+(xo) exp _—-—_2_ (18)
n=0 S‘Leq

Ly, =

where the A, are functions of y.

Let us define x, as the root-mean-squared fluctuations
in the length of a tube containing an arm of length L. It
is given by

Xe = Leq/(2a)1/2 (1.9)
The time
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Te = (Lg% /2akpT = N2 (1.10)

is a measure of the time required for a chain to visit points
with values of x > x; i.e., 7, = x,2/D, with D = kgT/{. In
Appendix A it is shown that for times ¢ > 7, and y > x,
the solution may be approximated as

1/2
plx,tlxo;y) exp az? X
24|V 0 ~ -
wLe? L
2akpT 12y ay?
exp| —— 2 (C—z) 7 expl ~— ¢ (I.11)
tL> \m/ L L,

Let F(y,t) be the probability that the chain end has not
penetrated to y at time ¢t. It is given by

Y
Fo.t) = § dxplx,tiegy) (L12)
2akBT(a)1/2 Y ay?
~ expl —— - —expl —— It 1.13
Pl Tz \7) L, %P\ L2 (1.18)

for y » x, and t > 7.. An alternative derivation of eq 1.13
is presented in Appendix B, based on Kramers!™!%% ap-
proach to the rate of escape from a well over a cusp-shaped
barrier. This derivation is also applied there to problems
where U is not quadratic in x.

The probability density of a chain penetrating to y is
dF/dy. Thus the average fraction of tube not visited by
the chain end (unrelaxed) at time ¢t (>>7,) is

1 la dF

fit) = L_eq N dy (Leg - ) a (1.14)
1 rla

~ I f Ty o) (L15)

A lower limit of x, has been used as a cutoff on the
integrals to avoid spurious singularities of the asymptotic
form of the integrand. It introduces a negligible error for
t > 1. and large o, since F and dF/dy are very small near
x,. Approximate evaluation of these integrals will be
discussed below and in Appendix C.

If o(t) is the stress at time ¢ after applying a small strain,
7, at time zero, then the stress relaxation modulus, G(t),
is defined as

G(t) = o) /v (1.16)

We follow the usual assumption® that the stress remaining
at time t is proportional to the average length of the tube
that has not relaxed (been visited by the free end of an
arm); so

G(t) = Gof(t),

G, will be taken as the plateau modulus, which includes
that part of the relaxation due to the small-scale fluctua-
tions to x,.

Various linear viscoelastic constants can be obtained
from eq 1.13 and 1.15. The zero-shear-rate viscosity, 7o,
is given by

t>»> 71, (1.17)

o = fo G@t) dt (L18)
GofL.,> 1/2
~ q(f) et ax1 (1.19)
4a2kBT 4

Since §, Lo, and « are all proportional to the molecular
weight of the arm, M,, eq 1.19 predicts that
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M, \V? ,Ma M, L (s
My & 7 exp uMe s M, > (I1.20)

i.e., the viscosity of stars increases roughly exponentially
with the molecular weight of the arms.
Another way of writing eq 1.19 is

M0 = Gotn/ (200) (L21)
L2 ,,r)1/2
Tm = 2akBT(Z e (1.22)

The relaxation time 7, is, as will be shown, the charac-
teristic time for complete escape of an arm from a tube.
Equation .21 can be understood by noting that most of
the ¢ integral comes from times of order 7,, where G(¢) has
fallen to values of order G,/

z’lz‘he steady-state shear compliance, J,°, can be obtained
as

1= "G() de/ I e a2

= a/Go, a>1 (1.24)

or, equivalently
JOG, = v(M,/M,) (1.25)

Equation 1.24 is again understood on the basis of ¢t and
§5...dt being O(r,,) and G(r,) being O(G,/ ).

Let us return now to the evaluation of the integral of
eq 1.14 or .15 for f(¢t). Here the physical aspects, which
are very important for understanding the remainder of the
paper, will be emphasized, while in Appendix C the
mathematical details will provided. The function F(¢,y)
for 7, K t « 7, looks very much like a step function. It
undergoes a sharp transition from one to zero as the ex-
ponent (bracketed term) of eq 1.13 passes through unity.
This transition occurs over a range of values of y of (™)
about y = L, £(t), where £(¢) is defined as the solution of

SLo? [ )1/21
t = 2akBt(:x- E exp(at?) (1.26)

To leading order in a™! the functions f(t) and, equivalently,
G(t)/ G, can be written as

G(t) = Go[1 - £(t)] + O(a?) (1.27)

for 7, «< t « 7, which is the same as x,/L,; < {(t) <1-
O(a'). The quantity £(¢) is a measure of the fraction of
the tube which has been reiaxed by passage of the end of
the arm. It is very important to note that for each small
increment ¢ of £, with ol «< € «< 1, one gets a new hierarchy
of times. Put another way, the time to escape to some
value ¢ is only a small fraction, O(e72%), of the time to
escape to just a slightly larger value, £ + «.

For t > 1, another approach must be taken to evaluate
eq 1.14 as shown in Appendix C. The result is

Gy t 1
Gty=—E|=)+0ol =) t>r, 129
2a Tm a2

GO exp(—t/Tm)
T 2%t/

) t> 1, (1.29)

where E,; is the exponential integral.?!

In a similar way the frequency-dependent dynamic
moduli can be obtained from the Fourier transform of G(t)
as

G*(w) = GAw) + iG"w) (1.30)
= Go[l - o] + Oal), wr, »1 (131
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Table I
Molecular Characteristics and Viscosity of Polyisoprene Melts

M, (arm)@ Mp(arm)? M, (star)®  M,(star)® _ Mo P
sample X 1073 X 1072 X 1073 X 1073 fé 60 °C
5817 3.4 17 5 1.1 x10*
5827 5.5 27 4.9 2.5 x 10°
8841 5.1 41 40 7.8 5.0 x 10!
8S110 14.0 110 104 7.4 3.5 x 10?2
88276 39.0°¢ 37.4 276 270 7.1 3.3 x 10¢
88795 100 98.0 795 8.0 3.5 x 107
12841 3.5 41 40 11.7 3.6 x 10*
12596 8.3 96 100 11.6 1.5x 10?
128250 21.0°¢ 21.8 250 247 11.9 1.8 x 10°
125412 35.6¢ 36.0 412 415 11.6 2.0 x 10*
128810 68.9° 69.0 810 11.8 1.2 x 10¢
1251440 112 + 120 1440 12.9 2.2 x 108

@ Light scattering, except where noted. ? Membrane osmometry. ¢ Gel permeation chromatography. ¢ f—' = M, (star)/

M, (arm) or when not available, M (star)/Mp(arm).

The term of O(a?) is given in Appendix C, and this in-
cludes the leading contribution to the loss modulus. Note
that, to leading order, the approximation G(t) = G (w =
1/t) holds. For w < 7, one finds

G
G*w) = §—° In (1 +iwry) + O, wr,<1 (132)
o
The steady-state compliance, J,° the viscosity, 7, and
the dynamic shear moduli are the experimental quantites
which we will compare with our theory in the discussion

which follows.

I1. Experimental Section

The polyisoprenes used in this study were synthesized by L.
J. Fetters. The method, which involved anionic polymerization
initiated by sec-butyllithium, is described in ref 23. Multiple-arm
stars with functionalities (f) of 5, 8, and 12 were prepared by
adding an f-functional chlorosilane to an excess of poly-
isoprenyllithium. Unreacted arms were removed by fractional
precipitation from a benzene-methanol mixture.

The number- and weight-average molecular weights of the arms
and the weight-average molecular weights of the stars were
measured (see Table I). In all cases the average functionality
of the stars calculated by f = M,, (star)/M,, (arm) was within 10%
of the functionality of the silane coupling agent (Table I).

Rheological measurements on the polyisoprene melts were
performed with a Rheometrics System Four rheometer equipped
with cone-and-plate test fixtures. The dynamic moduli of linear
viscoelasticity were measured at 60 °C by subjecting the samples
to a sinusoidal strain. The zero-shear-rate viscosity was obtained
from the limiting behavior of G’(w)

no = lim [G"(w) /w] (IL1)
w0

However, experiments were usually not carried to low enough

frequencies to obtain values of

Jo = li_r’n0 {Gw) /[G"(w))H (I1.2)
The viscosities of some of the low molecular weight polyisoprene
star molecules were measured by Mr. F. J. Vitus® at the University
of Akron using a Rheometrics dynamic spectrometer.

Values of 74 and J.° for polybutadiene star solutions, poly-
isoprene star solutions, and polystyrene melts were obtained from
the literature. Correlating those data with the ratio M,/ M, re-
quired values of the plateau modulus, Gy°. M, is given by

M, = pdRT /GO (I11.3)

where p is the polymer density and ¢ is the volume fraction of
polymer. The expressions used were

GN® = 1.18 X 107¢*26 dyn /cm? for polybutadiene!!
GN® = 4.35 X 108¢?2! dyn /cm? for polyisoprene?®
G\’ = 2.1 x 10 dyn/cm? for polystyrene at ¢ = 1

H . — 1 A
80 100 120 140 160 180 200 220 240 260
MaiMg

Figure 2. Product of the steady-state compliance, /., and the
plateau modulus, G\° for a series of star-shaped molecules. The
symbols indicate polybutadiene solution,!! 4 arm (O); polystyrene
melts,’® 4 arm (A) and 6 arm (¥); and polyisoprene solutions,?
4 arm (@) and 6 arm (13). Values of M, were calculated from eq
I1.3 as described in the Experimental Section.

ITII. Discussion

1. Determination of the Constant v. The reptation
model for linear polymers contains two parameters: ¢, the
friction factor for the chain, and M,, the molecular weight
between entanglements. Extension of this theory to in-
clude star-shaped molecules introduces an additional pa-
rameter, v/, which is associated with the potential function,
U, influencing the retraction of the chain end along the
axis of the tube.

It was determined above that the product of the
steady-state compliance and the initial modulus, J,°G,, is
given by

J Gy =~ v(M,/M,) (1.25)
In Figure 2 data are presented in accordance with this
equation for 4- and 6-arm polyisoprene solutions,? for 4-
and 6-arm polystyrene melts,’® and for 4-arm poly-
butadiene solutions.!! A reasonably linear relationship is
obtained, which by least-squares analysis fixes the value
of v at approximately 0.6.

The connection between the viscosity of star polymers
and their molecular weight also involves the parameter »’.
According to eq I.19 and 1.20, a plot of the logarithm of
no(M,/ M) /2 vs. M,/ M, should be linear at high molecular
weights, with a slope of »'. In Figure 3 we show data on
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Figure 3. Steady-state viscosity, no, divided by (M,/M,)'/? for
three types of star polymers: polyisoprene solutions, 4 arm (@)
and 6 arm (M); polyisoprene melts, 5 arm (A), 8 arm (A}, and 12
arm (V); and polystyrene melts, 4 arm (O) and 6 arm (). To
separate the curves the polyisoprene melt viscosities have been
multiplied by 10.

polyisoprene solutions, polystyrene melts, and 5-, 8-, and
12-arm polyisoprene melts.* At values of M,/M, > 1 lines
with a slope of 0.6 fit all of the data well. The full curves
were calculated by numerical evaluation of the integral in
eq 1.15 using eq 1.13 and 1.18 and not just from the as-
ymptotic result given by eq 1.19.

2. Molecular Weight of the Arm as the Proper
Variable. A basic premise of the model we have used is
that each of the arms of a star polymer relaxes inde-
pendently of the others. Hence the linear viscoelastic
properties depend on the arm molecular weight and not
the total molecular weight of the star. Support for this
assumption is evident in Figures 2 and 3, where data on
different functionality stars are all reduced by the common
variable M,/M..

3. Frequency-Dependent Behavior. The dynamic
moduli, G'(v) and G"{(w), for star polymers depend on
frequency in a way which is quite different from that of
linear polymers. This is demonstrated in Figure 4, where
we compare theoretical predictions for the two types of
polymers. At low frequency G(w) is less than G(w) and
the moduli attain their usual® limiting values proportional
to w and w2

G'(w) = winy?,, (111.1)

(I1L.2)

The terminal relaxation time, 74, for star polymers is given
by 7., eq 1.22, and for linear polymers is the reptation
time® given by rg = (L. ?/n*%ksT = M?

As the frequency increases, the value of G’(w) crosses
above G’(w). For linear polymers this occurs when wry ~
1 and for stars when wry =~ 4. Near the point where G/ (w)
= G’(w), G"(w) for linear polymers passes through a
maximum which is approximately equal to 0.4G,. How-
ever, for star polymers the value of G”(w) continues to
increase after the crossing point (see Figure 4b,c). The
magnitude of G’ when G (w) = G’(w) is independent of
molecular weight for linear polymers whereas for star
polymers it decreases approximately with the reciprocal
of the arm molecular weight.?” The latter observation
serves to point out that the dynamic moduli of linear
polymers in the terminal region are universal functions of
a single variable, wry, whereas for star polymers they are
functions of both wryq and o {« = VM, /M,).

wrg K1

G(w) =~ wyy, wrg K1
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Figure 4. Dynamic moduli, G'(w) and G’/w), as a function of
reduced frequency: (a) linear polymer; (b) star polymer with «
= 10; (c) star polymer with o = 20.
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Figure 5. Dynamic storage modulus (A) and dynamic loss mo-
dulus (O) for sample 83795 at 25 °C. Experimental values of o
=12 and 7,, = 1600 s are used. The parameter G, obtained by
superimg)osing the theoretical curves on the data, is 4.1 X 108
dyn/cm? which is within 5% of the reported plateau modulus
(4.35 % 10% dyn/cm?).%

In Figure 5 we compare our theory with experimental
data on an 8-arm-star polyisoprene (see Table I, sample
8S795). The solid lines were calculated from the theory
using a value of ' = 0.6.

A potentially more useful way of presenting experi-
mental data was introduced above. Because of the nature
of the relaxation process of star molecules, the variable £(¢)
is equal [with fluctuations only of O(«!)] to the amount
of arm which has disengaged from the original tube.
Therefore

f&) =G@)/Gy~1- &) (I.27)

In a similar fashion the dynamic storage modulus, G(w),
is given by

Gw) /Gy~ 1 - Ew™) (1.31)
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Figure 6. Dynamic storage modulus (O) as 4 function of ¢ for
sample 85795. The values of £ is from eq IIL.3 and the full curve
was calculated with eq C.12. A straight line, as indicated by eq
1.31, would fit the data almost as well.
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Figure 7. Storage modulus (O) as a function of an approximate
value of £, £~ [1~a™!In (wry)]Y/2 (eq IIL5). One notes that the
deviation from a straight line increases as §{ becomes small.

Using the data shown in Figure 5 we have determined
&(w™) by solving eq 1.26 in the form

1ol oo (IIL3)
wry &
with 7,, determined by
e = 7,/2 (I11.4)

Figure 6 shows G'(w)/G, as a function of £(w™). The nearly
linear relationship is apparent. The full curve was calcu-
lated using eqs C.12. Another way to present the data is
to use an approximate solution of eq IIL.3

¢~ [1- a7 In (wr,)]/? (I1L.5)
although this approximation is very bad for £2 < o”!. One
then plots '

G'w) vs. [1 - ol In (wr,,)]*?
The result is shown in Figure 7. A final means of
graphing, suggested by the theory, is to plot

[1-Gw)/Gol? vs. In w

as shown in Figure 8.
IV. Concluding Reinarks

While the experiments discussed in this paper have been
on star polymers and the theory has also been couched in

Viscoelastic Properties of Star Polymers 893

T T
4

11— G(NGoF

2 [ 4
S
0 L L 1 i 1
-3 -2 -1 0 1
log w (rad/sec)

Figure 8. Plot of [1 - G/{w)/G,)? as a function of logarithmic
frequency. The slope is somewhat larger than o™}, the deviations
being due to the approximate nature of eq IIL.5. The solid curve
was calculated with eq C.12.

these terms, one would believe that the results are ap-
plicable to the relaxation of other branched structures.
This would include the branches (but not the backbone)
of the usual branched molecules and dangling ends in
cross-linked networks. For the latter system Dr. J. G.
Curro and the authors are examining the effects of poly-
dispersity on relaxation, following ideas previously dis-
cussed by Curro and Pincus.?

The results presented here are also adaptable, in a fairly
straightforward manner, to the interpretation of double-
step-strain experiments. Indeed the sharpness of the
distribution of fractional relaxation of an arm produces
a picture of the process which is simpler than for linear
polymers.?® Preliminary measurements on double-step-
strain relaxation of stars has been reported earlier by
Pearson.® Further results and the theoretical framework
for their interpretation will be reported subsequently.
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Appendix A. Solution for p(x,t|x4y)
The eigenfunctions ¢, and ¥, of L are

¥n(x) = N, exp(-x*/4x.*) Dy(~x /x,) (A1)
o' (x) = N, exp(+x?/4x”)D\(-x /xo)  (A.2)

where the normalization constants, N, are such that ¢,
and y,,* form orthonormal sets. The D, are the parabolic
cylinder functions. The eigenvalues A, are determined by
the boundary condition in the form

Dy(-y/x.,) =0 (A.3)
For large argument the asymptotic form of D,, as given

by Miller and Good,?! may be used to determine an as-
ymptotic expression for the smallest eigenvalue

1/2 ay?
Ao ~ (g) 2 expl - (A.4)

2
T L, Leq

The higher eigenvalues are
» =1+ O(\) (A.5)
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Therefore, after a time ¢t » 7, and for y > «x,, only the n
= 0 term of eq 1.8 for p(x,t]x,;y) is significant. In regions
of x/x, = O(1), one can show that

D, (~x/x,) = exp(~x2/4x.2) + O(\y) (A.6)
Ng? ~ (27x,2)71/2 (A7)

It is because of eq A.6 that p(x,t}x;y) is essentially inde-
pendent of x, for the most likely range of values of x,, i.e.,
those within the thermal fluctuation range, x,. Physically,
this is because the arm end rapidly equilibrates, on the
time scale 7, of eq 1.10, within a range of order x,.

Appendix B. Rate Expression for F(y,t)

The quantity F(y,t) is analogous to the probability that
a particle undergoing Brownian motion (high-friction limit)
in the field U(x) will not have escaped past the point y.
Thus F(y,t) is given as

F(y,t) = exp[-r(y)t] (B.1)

with r(y) being the rate constant for escape from a well
U(x) over a cusp-shaped barrier at y [i.e., motion of a
particle in the potential U(x) for x < y and —« for x > y].
Kramers!?'%% has discussed the diffusive passage over
barriers. The formula for r(y) is (Kramers!® does not give
this explicitly, but it is easily derived)

[U”(O) U//(y)]l/2
? [ 7l'kB ] [ kBT B 2)

Equation 1.13 for F(y,t) clearly follows for the quadratic
potential. On the other hand, one could use a more general
U, in which case eq 1.27 for G(t) and eq 1.31 for G*(w)
would still apply. However, £(t) would be determined by
solving the equation

F(tLeg) = 1/t (B.3)

riy) =

Appendix C. Evaluation of Intergrals for G (t)
and G*(w)

In this appendix we will provide more mathematical
detail on the problem of evaluating the integrals for G(¢t)
and G*(w). Consider first for ¢t > 7,

Gt) /Gy =~ F(zL.t) dz (C.1)

x,,q

F(zLt) 2akpT ( ) mazy (C.2)
Jg) = - e~ .
2Ligq exp g'L e

It is convenient to write F in terms of ¢ defined by eq 1.26
F(zLt) = exp[ - ze“w?-fz) ] (C.3)

Because of the large « which appears in the inner expo-
nential, F passes very quickly from 0 to 1 as z passes
through £. It is clear that eq 1.27 follows, but to make this
more quantitative consider the change of variables

z=t1+gq/a) (C.4)
in eq [.14 for G(t)/G,. One can then write

G(¢) algi-1) dF
— =~ dg (1 -§) — C.5
G, Jza(l—xe/L,qE) (-9 dg (€.5)

al@-1) dF

-— C.6
f 1=/ Logh) 4193, dg €6

In both integrals the limits can be written as —» to +« with
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errors that are exponentially small. The first term gives
eq L.27, and from the second term corrections beginning
with O(a™) can be obtained. We will not present details
of the calculation of these corrections but merely indicate
the route. One makes the further change to a variable p

defined by
p=-In F[ ELeq(l + %)] C.7)

2 9
= (1 + g) exp(—2£2q - E—q) (C.8)
. 21 o

Then solve for q as a function of p in a power series in 1/a.
The result is
G@) C
=(1- )—‘—+@( %) (C.9)
Gy ¢ 2ak

where C = 0.5772... is Euler’s constant. One caution in
applying this formula is that, to be consistent, the formula
for Ay should also be carried to higher order in 1/«, which
will produce corrections of this order to the value of £. The
steps are easily generalized to a nonquadratic U(x).

For times ¢ > 7,, a different procedure must be used.
The integrand of eq C.1 is only significant for z within
O(a™) for unity, so one makes the change of variables from
2 to r defined by

1 I'Tm
=1- — l —
2= 20 n t

The result is eq 1.28 to leading order in 1/a.

A quite similar procedure may be used to find the dy-
namic modulus

(C.10)

G*(w) = iw f “dt e G () (C.11)
1 1
~ dz (1-2) =
GOJ;,/ Ly ¢ (1-2) dz 1 -i(2 /%) exp[-a(2® - £9)]
(C.12)

where £ is defined by eq 1.26 with 1/w replacing ¢. For wr,,
> 1, one makes the substitutions defined by eq C.4, C.7,
and C.8. The result is

G*w) + 0@
o
G° 4o 8(1/ )
This goes beyond eq 1.31 in that it gives the leading term
of &(w), which is small like 1/a. For wr,, <1 the change
of variables defined by eq C.10_is what yields eq 1.32.

-1/ w) + ———
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Effect of Molecular Weight Distribution on Viscoelastic Properties
of Polymers. 2. Terminal Relaxation Time and Steady-State
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ABSTRACT: The mole-basis hlending law for the relaxation spectrum, H(7) = Y x.H;(r/\), is presented,
which gives better predictions of the terminal viscoelastic properties of polymer blends in the entangled state
than does the weight-basis blending law. x; is the mole fraction of the ith component, H;(r) the relaxation
spectrum of the individual pure component i, and \; the shift factor of the time scale. The theoretical basis
of this law is studied with partial success in the light of the tube model theory by Doi and Edwards. It has
been reconfirmed that the lower molecular weight polymers in a binary blend behave like simple solvent molecules
against the motion of the higher molecular weight polymers after the disengagement time of the former polymers

elapsed.

Introduction

Doi and Edwards!~ have recently derived a rheological
constitutive equation for highly entangled polymers from
the primitive chain model and suggested that, for a mixture
of a certain number of components, the memory function
u(t) involved in the constitutive equation obeys the
weight-basis additivity?

u() = Tw®) 1)

Here, w; is the weight fraction of the ith component
polymer in the mixture and u;(t) is the memory function
of the polymer i in the individual pure state. The effect
of polydispersity on the steady-state compliance <J, can be
estimated from the Doi-Edwards constitutive equation
with eq 1 as?

Je = C(Mz+2Mz+3Mz+4)/(MwMzMz+1) (2)

where M’s are the average molecular weights of indicated
orders and C is a function of the polymer mass per unit
volume, p, only. Thus J, is independent of molecular
weight for a monodisperse polymer but strongly dependent
on the distribution of molecular weight. These are in
accord with experiments, at least qualitatively.

Closer inspection, however, reveals a marked discrepancy
between the theoretical prediction (2) and the experi-
mental results. For example, let us consider the case in
which the molecular weight distribution is represented by
the logarithmic-normal distribution. Then we can rewrite
eq 2 as

*This paper is dedicated to Professor Walter H. Stockmayer on
his 70th birthday.

J, = C(M,/M,)° (3)
with the aid of the well-known relations
Mw/Mn = Mz/Mw = Mz+1/Mz = Mz+2/Mz+1 = . (4)

On the other hand, the experimental data obtained by
various investigators since Leaderman and associates®€ are
fairly well represented by the empirical equation of Mills"8

Je = C(Mz/Mw)3'7 5
or by the empirical equation of Agarwal®
Je = C(MzMz+1)/(MnMw) . (6)

The latter equation reduces to J, = C(M,/M,)* for the
logarithmic-normial distribution. Thus the two equations
(5) and (6) give practically the same prediction not only
for the case of binary blends but also for the continuous
broad distribution.

The purpose of this paper is to bridge the existing gap
between theory and experiment as exemplified by eq 3 and
5 and to afford a better understanding of the effect of
molecular weight distribution on the terminal-zone be-
havior of highly entangled systems.

Phenomenological Linear-Blending Laws
We start with the classical linear blending law of Nin-

omiya!® for a mixture of two monodisperse polymers with
molecular weights M; and M,, which may be written as

H(T) = leI(T/)\l) + lU2H2(T/)\2) (7)
Here, H(7) is the relaxation spectrum of the mixture, H,(7)

and Hy(7) are those of the individual pure components, and
w, and w, are the weight fractions. The quantity A; (i =
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